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FINITE ULTRAMETRIC BALLS
O. DOVGOSHEY
Abstract. The necessary and sufficient conditions under which a
given family F of subsets of finite set X coincides with the family
BX of all balls generated by some ultrametric d on X are found.
It is shown that the representing tree of the ultrametric space
(BX , dH) with the Hausdorff distance dH can be obtained from
the representing tree TX of ultrametric space (X, d) by adding a
leaf to every internal vertex of TX .
1. Introduction. Balls in ultrametric space
The main object of research in this paper is the set of all balls in
a given finite ultrametric space. The theory of ultrametric spaces is
closely connected with various directions of studies in mathematics,
physics, linguistics, psychology and computer science. Different prop-
erties of ultrametric spaces are described at [3, 7, 11–14, 20, 21, 28, 31–
38,42–46].
The use of trees and tree-like structures gives a natural lan-
guage for description of ultrametric spaces. For the relationships
between these spaces and the leaves or the ends of certain trees
see [1,2,5,8,19,22,23,25–27,38]. In particular, a convenient representa-
tion of finite ultrametric spaces (X, d) by monotone canonical trees was
found by V. Gurvich and M. Vyalyi [22]. A simple algorithm having
a clear geometric interpretation was proposed in [40] for constructing
monotone canonical trees. Following [40] we will say that these trees
are representing trees of spaces (X, d). The present paper can be con-
sidered as a development of studies initiated at [22] and continued at
[10, 16, 18, 39–41].
The paper is organized as follows.
Section 1 contains some standard definitions from the theory metric
spaces and a short list of known properties of balls in ultrametric spaces.
The representing trees of finite ultrametric spaces (X, d) are the main
technical tool in the present paper. These trees are introduced and
2010 Mathematics Subject Classification. Primary 54E35.
Key words and phrases. finite ultrametric space, Hausdorff distance, representing
tree, diameter of set, the smallest ball containing a given bounded set.
1
2 O. DOVGOSHEY
discussed in Section 2. In particular, in Theorem 2.5 it is proved that
the vertices of such trees are the closed balls of spaces (X, d).
The main new results of the paper are concentrated in Section 3.
The necessary and sufficient conditions under which a given family of
subsets of finite set X coincides with the family of all balls generated
by some ultrametric on X are obtained in Theorem 3.15. Theorem 3.9,
Theorem 3.14 and Proposition 3.10 describe up to isomorphism the
structure of representing trees of the metric space of all balls of finite
ultrametric spaces.
Recall some definitions from the theory of metric spaces.
Definition 1.1. A metric on a set X is a function d : X ×X → R+,
R
+ = [0,∞), such that for all x, y, z ∈ X:
(i) d(x, y) = d(y, x),
(ii) (d(x, y) = 0)⇔ (x = y),
(iii) d(x, y) ≤ d(x, z) + d(z, y).
For every nonempty set A ⊆ X, the quantity
(1.1) diamA := sup{d(x, y) : x, y ∈ A}
is the diameter of A.
A metric d : X ×X → R+ is an ultrametric on X if
(1.2) d(x, y) ≤ max{d(x, z), d(z, y)}
holds for all x, y, z ∈ X. Inequality (1.2) is often called the strong
triangle inequality. A metric space (X, d) is ultrametric if every triangle
in (X, d) is isosceles with base not greater than legs.
Let (X, d) be a metric space. A closed ball with a radius r > 0 and
a center c ∈ X is the set Br(c) = {x ∈ X : d(x, c) 6 r}. The ballean
BX of the metric space (X, d) is the set of all closed balls in (X, d).
Call the elements of BX the balls for short. Note that every one-point
subset of X belongs to BX , this is a singular ball in (X, d). For a ball
B ∈ BX with a center c, the actual radius of B is the number
sup{d(x, c) : x ∈ B}.
In the case of an arbitrary metric space (X, d), the actual radius
of a given ball B ∈ BX can depend on which point c ∈ B we chose
as the center of B. For example, if X is the interval [0, 2] with the
standard metric d(x, y) = |x − y| and B = X, then every c ∈ X can
be considered as a center of B so that the corresponding actual radius
equals min{c, 2− c}.
If (X, d) is an ultrametric space and A is a nonempty subset of
X, then, using the strong triangle inequality, we can easily prove the
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equalities
(1.3) diamA = sup{d(x, a) : x ∈ A} = sup{d(x, b) : x ∈ A}.
for all a, b ∈ A. Now using (1.3), we obtain the following.
Proposition 1.2. Let (X, d) be an ultrametric space and let B ∈ BX
be a ball with a radius r. Then the following statements hold.
(i) Every point of B is a center of B, i.e., the equalities
B = Br(c1) = Br(c2)
hold for all c1, c2 ∈ B.
(ii) The actual radius of B is equal to the diameter of B for every
center of B.
Corollary 1.3. Let (X, d) be an ultrametric space. Then, for every
x ∈ X and ever r > 0, there is a unique ball B ∈ BX with the radius
r and such that x belongs to B.
Proposition 1.2 and the definition of balls give us the following de-
scription of the balls in ultrametric spaces.
Corollary 1.4. Let (X, d) be an ultrametric space, let A be a bounded
subset of X and let a ∈ A. Then the following statements are equiva-
lent:
(i) A ∈ BX ;
(ii) The equivalence
(d(x, a) 6 diamA)⇔ (x ∈ A)
holds for every x ∈ X;
(iii) The equality
BA = {B ∈ BX : B ⊆ A}
holds, where BA is the ballean of the ultrametric space
(A, d|A×A).
The following proposition is well-known.
Proposition 1.5. Let (X, d) be an ultrametric space and let B1, B2 ∈
BX . Then the following conditions hold.
(i) B1 ∩B2 ∈ BX if and only if B1 ∩ B2 6= ∅.
(ii) If B1 ∩B2 6= ∅, then we have B1 ⊆ B2 or B2 ⊆ B1.
(iii) B1 = B2 holds if and only if B1 ∩B2 6= ∅ and
diamB1 = diamB2.
4 O. DOVGOSHEY
Condition (i) of Proposition 1.5 implies that for every bounded
nonempty subset A of an ultrametric space (X, d) there is the smallest
ball B ∈ BX containing A.
The following proposition gives us a partial inversion of Proposi-
tion 1.2 and Proposition 1.5.
Proposition 1.6. Let (X, d) be a finite nonempty metric space and let
BX be the set of all balls of (X, d). Then the following conditions are
equivalent.
(i) d is an ultrametric.
(ii) If B1 and B2 belong to BX and B1 ∩ B2 6= ∅, then we have
B1 ⊆ B2 or B2 ⊆ B1.
(iii) For every ball B ∈ BX , each point b ∈ B is a center of B.
Proof. (i)⇒ (iii). This implication follows from Proposition 1.2.
(iii)⇒ (ii). It is evident.
(ii) ⇒ (i). Suppose (ii) holds. Let x, y, z be points of X and
r = d(x, y) and s = d(y, z). Let us consider the balls
B1 := Br(x) and B2 := Bs(z).
It is clear that y ∈ B1 ∩ B2. According to condition (ii) we obtain
B1 ⊆ B2 or B2 ⊆ B1.
It implies
x ∈ Bs(z) or z ∈ Br(x).
The strong triangle inequality
d(x, z) 6 max{d(x, y), d(y, z)}
follows. 
Definition 1.7. Let (X, d) be a metric space and let A be a bounded
nonempty subset of X. A ball B∗ ∈ BX is the smallest ball containing
A if B∗ ⊇ A and the implication
(1.4) (B ⊇ A)⇒ (B ⊇ B∗)
holds for every B ∈ BX .
It follows directly from (1.4) that the smallest ball containing a given
A is unique if it exists.
We can simply characterize the smallest ball containing a given
bounded subset of an ultrametric space.
Proposition 1.8. Let (X, d) be an ultrametric space, let A be a
bounded subset of X and let a ∈ A. Then the ball Br(a) with
r = diamA is the smallest ball containing A.
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Corollary 1.9. Let (X, d) be an ultrametric space and let A be a
bounded nonempty subset of X. A ball B∗ ∈ BX is the smallest ball
containing A if and only if B∗ ⊇ A and the implication
(B ⊇ A)⇒ (diamB > diamB∗)
holds for every B ∈ BX .
Example 1.10. Let (X, d) be an ultrametric space, |X| > 2, and let
a, b ∈ X such that
diamX = d(a, b).
Then the smallest ball B containing the set {a, b} coincides with X.
There are metric spaces (X, d) which are not ultrametric but for
every bounded A ⊆ X we can find the smallest B ∈ BX such that
A ⊆ B.
Example 1.11. Let (R, d) be the metric space of all real numbers with
the standard metric. The balls in (R, d) are the finite closed intervals
[a, b], with a 6 b. The nonempty intersection of two bounded closed
intervals in R is also a bounded closed interval in R. If A ⊆ R is
bounded and A 6= ∅ and a∗ = inf A and b∗ = supA, then [a∗, b∗] is
the smallest ball containing the set A. Note also that (R, d) satisfies
condition (i) of Proposition 1.5.
A
B
A
L
Figure 1. A is the union of two closed bounded inter-
vals. The ball B contains A and has the minimal diame-
ter. The lens L is the intersection of two balls containing
A and it is a proper subset of B.
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The classical Jung theorem [30] says that every nonempty bounded
subset A of the n-dimensional Euclidean space En is contained in the
unique closed ball B with the minimal diameter (see, for example, [6]
for the proof of Jung theorem). It should be noted that for every n > 2
we can find a bonded set A ⊆ En such that if B is the unique ball
which contains A and has the minimal diameter, then B is not the
smallest ball containing A in the sense of Definition 1.7 (see Figure 1).
2. Representing trees of finite ultrametric spaces
Let us recall some concepts from the graph theory.
A graph is a pair (V,E) consisting of a nonempty set V and a (prob-
ably empty) set E of unordered pairs of different points from V . For
a graph G = (V,E), the sets V = V (G) and E = E(G) are called the
set of vertices and the set of edges, respectively.
A graph G together with a function l : V (G)→ R+ is called to be a
labeled graph, and l is a labeling of G.
A graph H is a subgraph of a graph G if V (H) ⊆ V (G) and E(H) ⊆
E(G). In this case we write H ⊆ G. A path is a graph P for which
V (P ) = {x0, x1, . . . , xk} and E(P ) = {{x0, x1}, . . . , {xk−1, xk}},
where all xi are distinct. A finite graph C is a cycle if |V (C)| ≥ 3 and
there exists an enumeration (v1, v2, . . . , vn) of its vertices such that
({vi, vj} ∈ E(C))⇔ (|i− j| = 1 or |i− j| = n− 1).
A connected graph without cycles is called a tree. A vertex v of a
tree T is a leaf if the degree δ(v) of v is less than two,
δ(v) = |{u ∈ V (T ) : {u, v} ∈ E(T )}| < 2.
If a vertex v ∈ V (T ) is not a leaf of T , then we say that v is an internal
node of T . A tree T may have a distinguished vertex r called the root ;
in this case T is a rooted tree and we write T = T (r). If v is a vertex
of a rooted tree T = T (r) such that v 6= r, then there is a unique path
Pv ⊆ T which joins v and r. A vertex u of T is a predecessor of v
if v 6= u and u ∈ V (Pv). In this case we say that v is a successor of
u. In particular, v is a direct successor of u if u and v are adjacent,
{u, v} ∈ E(T ), and v is a successor of u.
Definition 2.1. Let k > 2. A graph G is called complete k-partite
if its vertices can be divided into k disjoint nonempty sets X1, . . . , Xk
so that there are no edges joining the vertices of the same set Xi and
every two vertices from distinct Xi and Xj , 1 6 i, j 6 k are adjacent.
In this case we write G = G[X1, . . . , Xk].
FINITE ULTRAMETRIC BALLS 7
We shall say that G is a complete multipartite graph if there exists
k > 2 such that G is complete k-partite, cf. [9].
Definition 2.2 ([10]). Let (X, d) be a finite ultrametric space with
|X| > 2. Define a graph GD,X as V (GD,X) = X and
({u, v} ∈ E(GD,X))⇔ (d(u, v) = diamX)
for all u, v ∈ V (GD,X). We call GD,X the diametrical graph of X.
Theorem 2.3 ([10]). Let (X, d) be a finite ultrametric space, |X| > 2.
Then GD,X is complete multipartite.
With every finite nonempty ultrametric space (X, d), we can asso-
ciate a labeled rooted tree TX by the following rule (see [40]). The root
of TX is the set X. If X is a one-point set, then TX is the rooted tree
consisting of one node X with the label 0. Let |X| > 2. According to
Theorem 2.3 we have GD,X = GD,X [X1, . . . , Xk]. In this case the root
of the tree TX is labeled by l(X) = diamX and, moreover, TX has the
vertices X1, . . . , Xk, k > 2, of the first level with the labels
(2.1) l(Xi) = diamXi,
i = 1, . . . , k. The vertices of the first level labeled by 0 are leaves,
and those labeled by diamXi > 0 are internal vertices of the tree
TX . If the first level has no internal vertices, then the tree TX is
constructed. Otherwise, by repeating the above-described procedure
with Xi corresponding to the internal vertices of the first level, we
obtain the vertices of the second level, etc. Since X is a finite set,
all vertices on some level will be leaves, and the construction of TX is
completed.
We shall say that the labeled rooted tree TX is the representing tree
of (X, d). The following lemma shows how we can find the distance
between points of X using the labeling l : V (TX)→ R
+.
Lemma 2.4. Let (X, d) be a finite ultrametric space and let x1 and
x2 be two distinct points of X. If ({x1}, v1, . . . , vn, {x2}) is the path
joining the leaves {x1} and {x2} in TX , then
(2.2) d(x1, x2) = max
16i6n
l(vi).
This lemma can be found in [15, Lemma 1.6], [18, Lemma 2.3], [41,
Lemma 6]. The proof of the lemma is completely similar to the proof
of Lemma 3.2 from [40]. Note only that for each tree T and every pair
of distinct u, v ∈ V (T ) there is a single path joining u and v in T .
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Let T = T (r) be a rooted tree. For every vertex v of T we denote
by Tv the induced subtree of T such that v is the root of Tv and
(2.3) V (Tv) = {u ∈ V (T ) : u = v or u is a successor of v}.
In particular, we have T (r) = Tr for the case when v = r. We also use
the denotation L(Tv) for the set of all leaves of Tv. If T = TX is the
representing tree of a finite ultrametric space (X, d) and v ∈ V (TX)
and
L(Tv) = {{x1}, . . . , {xn}},
then, for simplicity we write
L(Tv) = {x1, . . . , xn}.
Consequently, the equality
(2.4) v = L(Tv)
holds for every v ∈ V (TX).
For TX consisting of one node only, V (TX) = X, we consider that
X is the root of TX as well as a leaf of TX . Thus if X = {x}, then we
have L(TX) = {{x}} and L(TX) = {x} = X.
Let A and B be two nonempty bounded subsets of a metric space
(X, d). The Hausdorff distance dH(A,B) between A and B is defined
by
(2.5) dH(A,B) := max{sup
a∈A
inf
b∈B
d(a, b), sup
b∈B
inf
a∈A
d(a, b)}.
The definition and some properties of the Hausdorff distance can be
found in [4]. We note only that if {a} and {b} are singular balls in
(X, d), then (2.5) implies
(2.6) dH({a}, {b}) = d(a, b).
In the following and related to it Corollary 2.8 we put together several
propositions from [16–18,41].
Theorem 2.5. Let (X, d) be a finite nonempty ultrametric space with
the representing tree TX and let B1 and B2 be distinct balls in (X, d).
Then the following statements are valid.
(i) The equality
(2.7) V (TX) = BX
holds.
(ii) B1 is a direct successor of B2 in TX if and only if B1 ⊂ B2
and the implication
(2.8) (B1 ⊆ B ⊆ B2)⇒ (B1 = B or B2 = B)
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holds for every B ∈ BX .
(iii) If P is the path joining B1 and B2 in TX , then
(2.9) dH(B1, B2) = max
u∈V (P )
l(u).
For the proof of statement (i) and statement (ii) see [16, Theo-
rem 1.6]
To prove statement (iii) we need the following lemma which claims
that the Hausdorff distance between any two distinct balls B1 and B2
of a finite ultrametric spaces coincides with the diameter of the smallest
ball B containing B1 and B2.
Lemma 2.6. Let (X, d) be a finite nonempty ultrametric space. Then
the equality
(2.10) dH(B1, B2) = diam(B1 ∪ B2)
holds for all distinct balls B1, B2 ∈ BX .
Proof. Let B1, B2 ∈ BX and let B1 6= B2. It follows directly from (2.5)
and (1.1) that the inequality
dH(B1, B2) 6 diam(B1 ∪ B2)
holds. Consequently, it suffices to show
(2.11) dH(B1, B2) > diam(B1 ∪B2).
Suppose first that there is a point b ∈ B1 ∩ B2. Condition (ii) of
Proposition 1.5 implies
B1 ⊂ B2 or B2 ⊂ B1.
Without loss of generality, we assume that B1 ⊂ B2. Then
(2.12) diam(B1 ∪ B2) = diamB2
and, by statement (iii) of Proposition 1.5, the inequality
diamB2 > diamB1
holds.
By statement (i) of Theorem 2.5 we have B1, B2 ∈ V (TX), where
TX is the representing tree of (X, d).
Let GD,B2 = GD,B2 [B
1
2 , . . . , B
m
2 ] be the diametrical graph of B2. Us-
ing statement (ii) of Theorem 2.5 and the inclusion B1 ⊂ B2 we can
find j ∈ {1, . . . , m} such that
B1 ⊆ B
j
2.
Without loss of generality we set
(2.13) B1 ⊆ B
1
2 .
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It follows from (2.5), (2.13), Theorem 2.3 and the equality
B2 =
m⋃
j=1
Bj2,
that
(2.14) dH(B1, B2) > sup
a∈B2
inf
b∈B1
d(a, b) > sup
a∈B22
inf
b∈B12
d(a, b) = diamB2.
Now (2.11) follows from (2.14) and (2.12). The case when B1 and B2
are disjoint can be considered similarly. 
Remark 2.7. Lemma 2.6 can also be obtained from Lemma 2.2 of [44]
and it holds for arbitrary ultrametric space (X, d) but in the present
paper we consider only finite (X, d).
Proof of statement (iii) from Theorem 2.5. Let P be the unique path
joining B1 and B2 in TX . By Lemma 2.6, we have the equality
(2.15) dH(B1, B2) = diam(B1 ∪B2).
Using Proposition 1.8, we can find the smallest ball B ∈ BX such that
(2.16) B ⊇ B1 ∪ B2.
The ball B is unique and the equality
(2.17) diamB = diam(B1 ∪B2)
holds. Inclusion (2.16) holds if and only if
B ⊇ B1 and B ⊇ B2.
Let P be the path joining B1 andB2 in TX and let Pi be the path joining
Bi and B in TX , i = 1, 2. From the already proven statement (ii) and
the uniqueness of the paths P1, P2 and P it follows that
P ⊆ P1 ∪ P2,
i.e., we have
(2.18) V (P ) ⊆ V (P1) ∪ V (P2) and E(P ) ⊆ E(P1) ∪ E(P2).
If u ∈ V (Pi), i = 1, 2, and u 6= B, then u is a successor of B, that
implies the inequality
l(u) < l(B).
Equality (2.9) follows from the last inequality and (2.15), (2.17), (2.18).

It is well-known that the Hausdorff distance dH is a metric on the
space of all bounded, closed, nonempty subsets of arbitrary metric
space (X, d) (see, for example, [4, Proposition 7.3.3] ).
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Corollary 2.8. Let (X, d) be a finite nonempty ultrametric space, let
BX be the ballean of (X, d) and let dH be the restriction of the Hausdorff
distance on BX . Then the metric space (BX , dH) is ultrametric.
Proof. It suffices to show that the strong triangle inequality
(2.19) dH(B1, B2) 6 max{dH(B1, B3), dH(B2, B3)}
holds for all B1, B2, B3 ∈ BX . Inequality (2.19) is trivial if B1 =
B2 or B1 = B3 or B2 = B3. Suppose B1, B2, B3 are distinct. By
statement (i) of Theorem 2.5 we have B1, B2, B3 ∈ V (TX), where TX
is the representing tree of (X, d). Let P be the unique path joining B1
and B2 in TX and let Pi, i = 1, 2, be the unique path joining Bi and
B3 in TX . Then we have
(2.20) V (P ) ⊆ V (P1) ∪ V (P2).
Now inequality (2.19) follows from (2.20) and statement (iii) of Theo-
rem 2.5. 
Remark 2.9. Corollary 2.8 remains valid for arbitrary nonempty ultra-
metric space (X, d), that follows from Lemma 2.4 of [44].
Remark 2.10. Considering the minimal spanning tree for the compete
weighted graph generated by ultrametric space (BX , dH) (see, for ex-
ample, Theorem 1 in paper [22]) we obtain a natural dual form of
Lemma 2.4.
Since, for a finite nonempty ultrametric space (X, d), the metric
space (BX , dH) is also finite and ultrametric, we can construct the rep-
resenting tree TBX . In the next section of the paper, starting from the
representing tree TX , we give a simple inductive rule for constructing
all the trees belonging to the sequence TX TBX , TBBX , TBBBX
, . . ..
Lemma 2.11. Let (X, d) be a finite ultrametric space and let
GD,X = GD,X [X1, . . . , Xk], k > 2,
be the diametrical graph of (X, d). Then the diametrical graph GD,BX
of the ultrametric space (BX , dH) is the complete (k+1)-partite graph,
(2.21) GD,BX = GD,BX [{X},BX1, . . . ,BXk ]
where BX1, . . ., BXk are the balleans of the ultrametric spaces
(X1, d|X1×X1), . . ., (X1, d|Xk×Xk).
Proof. Let Y = BX , Y0 = {X} and Yi = BXi for i = 1, . . ., k. Accord-
ing to formula (2.6) and Theorem 2.5 (formula (2.9)) we have
l(Y ) = diamY = diamBX = l(X) = diamX,
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and
diamYi = diamBXi = diamXi < diamX,
and dH({yi}, Y0) = diamX for every i ∈ {1, . . . , k}, and
d(yi, yj) = dH({yi}, {yj}) = diamX
for all yi ∈ Yi, yj ∈ Yj with distinct i, j ∈ {1, . . . , k}.
Statements (i) and (ii) of Theorem 2.5 and Corollary 1.4 imply
Y =
k⋃
i=0
Yi.
It remains to use Definition 2.1 and Definition 2.2 
3. Characterizations of balleans of finite ultrametric
spaces up to isomorphisms
First of all we recall the definition of the isomorphism of graphs.
Definition 3.1. Let G1 and G2 be finite graphs. A bijection
f : V (G1)→ V (G2) is an isomorphism of G1 and G2 if
(3.1) ({u, v} ∈ E(G1))⇔ ({f(u), f(v)} ∈ E(G2))
holds for all u, v ∈ V (G1). The graphs G1 and G2 are isomorphic if
there exists an isomorphism f : V (G1)→ V (G2).
If G1 = G1(r1) and G2 = G2(r2) are rooted graphs, then G1
and G2 are isomorphic (as rooted graphs) if there is an isomorphism
f : V (G1)→ V (G2) such that f(r1) = r2.
Note that every isomorphism f : V (T1)→ V (T2) of the rooted trees
T1 = T1(r1) and T2 = T2(r2) preserves the orientations corresponding
to the choice of the roots r1 and r2 (see [24] for the definition and
properties of homomorphisms of directed graphs).
The next main definition is the definition of isomorphic labeled
rooted trees.
Definition 3.2. Let Ti = Ti(ri, li), i = 1, 2, be labeled rooted trees
with the roots ri and the labelings li : V (Ti) → R
+. An isomorphism
f : V (T1) → V (T2) of the rooted trees T1(r1) and T2(r2) is an isomor-
phism of the labeled rooted trees T1(r1, l1) and T2(r2, l2) if the equality
(3.2) l2(f(v)) = l1(v)
holds for every v ∈ V (T1). The labeled rooted trees T1(r1, l1) and
T2(r2, l2) are isomorphic if there is an isomorphism of these trees.
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Recall that two metric spaces (X, d) and (Y, ρ) are isometric if there
is a bijection f : X → Y such that the equality
d(x, y) = ρ(f(x), f(y))
holds for all x, y ∈ X.
Theorem 3.3 ([18]). Let (X, d) and (Y, ρ) be nonempty finite ultra-
metric spaces. The representing trees TX and TY are isomorphic as
labeled rooted trees if and only if (X, d) and (Y, ρ) are isometric.
Let T = T (r) be a rooted tree. Then, for every v ∈ V (T ), we denote
by δ+(v) the number of direct successors of v.
The following theorem and their corollary can be found in [16] but
in view of the importance of this result in the context of the paper, we
present it with a short proof.
Theorem 3.4 ([16]). Let T = T (r, lT ) be a finite labeled rooted tree
with the root r and the labeling lT : V (T ) → R
+. Then the following
two conditions are equivalent.
(i) For every u ∈ V (T ) we have δ+(u) 6= 1 and
(δ+(u) = 0)⇔ (lT (u) = 0)
and, in addition, the inequality
(3.3) lT (v) < lT (u)
holds whenever v is a direct successor of u.
(ii) There is a unique up to isometry finite ultrametric space (X, d)
such that the representing tree TX and T are isomorphic as
labeled rooted trees.
Proof. (i) ⇒ (ii). Let us denote by X the set of leaves of T . For
every pair of distinct x, y ∈ X we denote by Sx,y the subset of V (T )
consisting of all vertices w for which x and y are successors of w and
define a function d : X ×X → R+ as
(3.4) d(x, y) :=
{
0, if x = y
minw∈Sx,y lT (w), if x 6= y.
Using condition (i), we can prove that d is an ultrametric on X.
Now (3.4), the definition of the representing trees and Lemma 2.4 im-
ply that TX and T (r, lT ) are isomorphic as labeled rooted trees. The
uniqueness of (X, d) for which TX and T are isomorphic follows from
Theorem 3.3.
(ii) ⇒ (i). If (X, d) is a finite nonempty ultrametric space, then
condition (i) evidently holds for T = TX . Moreover, if we have two
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isomorphic labeled rooted trees and one of them satisfies condition (i),
then another also satisfies (i). The implication (ii)⇒ (i) follows. 
Using the proofs of Theorem 3.4 and Theorem 2.5, we obtain the
following.
Corollary 3.5. Let T = T (r, lT ) be a finite labeled rooted tree satisfying
condition (i) of Theorem 3.4, let X be the set of leaves of T and let
(X, d) be the ultrametric space with d : X ×X → R+ defined by (3.4).
For every internal vertex v of T we denote by L(Tv) the set of all leaves
of T which are successors of v. Then the mapping Φ: V (T )→ V (TX),
where TX = TX(X, l) is the representing tree of (X, d) and
(3.5) Φ(v) =
{
L(Tv), if v is an internal vertex of TX
{v}, if v is a leaf of T ,
is an isomorphism of the labeled rooted trees T and TX .
Remark 3.6. Using statement (i) of Theorem 2.5, we see that the image
of the mapping Φ defined by (3.5) is the ballean of the ultrametric space
(X, d).
Theorem 3.4 also implies the following important corollary.
Corollary 3.7 ([16]). Let T = T (r) be a finite rooted tree. Then the
following conditions are equivalent.
(i) For every u ∈ V (T ) we have δ+(u) 6= 1.
(ii) There is a finite ultrametric space (X, d) such that TX and T
are isomorphic as rooted trees.
Definition 3.8. Let T1 and T2 be trees and let x be a leaf of T2.
Suppose we have
V (T2) = V (T1) ∪ {x}, x /∈ V (T1), E(T1) ⊆ E(T2).
Then there is a unique vertex u ∈ V (T1), such that {x, u} ∈ E(T2). In
this case we say that T2 is obtained by adding the leaf x to the vertex
u.
In the following theorem we consider an ultrametric space (X, d)
with X satisfying the condition
(3.6) {Y } 6⊆ X
for every Y ⊆ X. In accordance with Definition 3.8, this condition
allows us to add leaf {u} to the internal vertex u of the tree TX (see
equality (2.4)). We note that for every ultrametric space (Z, ρ) there
is an ultrametric space (X, d) such that (Z, ρ) and (X, d) are isometric
and, in addition, (3.6) holds for every Y ⊆ X.
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Theorem 3.9. Let (X, d) be a finite ultrametric space with the rep-
resenting tree TX , let BX be the ballean of (X, d) and let dH be the
Hausdorff distance on BX . Then the representing tree TBX of the ultra-
metric space (BX , dH) and the rooted tree obtained from TX by adding
a leaf to every internal vertex of TX are isomorphic as rooted trees.
This theorem can be obtained as a simple consequence of Lemma 2.11
and description of representing trees given after Theorem 2.3 but in
view of the importance of Theorem 3.9 for what follows we give a
detailed proof below.
Proof of Theorem 3.9. Suppose first that X is a single-point set, X =
{x}. Then we have V (TX) = {x} and V (TBX ) = {X} = {{x}}. The
theorem holds because TX does not contain any internal vertices. In
this case, TBX is the rooted tree consisting of one vertex {X} with the
label 0. Let |X| > 2. According to Lemma 2.11 and Theorem 2.3 there
is an integer number k > 2 such that
GD,X = GD,X [X1, . . . , Xk] and GD,BX = GD,BX [{X},BX1, . . . ,BXk ].
Then X1, . . ., Xk are the vertices of the first level of TX and {X}, BX1,
. . ., BXk are the vertices of the first level of TBX . Note that {X} is an
one-point set consisting from the ball {X} ∈ BX . Consequently, we
have
diam{X} = 0,
so that {X} is a leaf of TBX . Write T1 for the rooted tree obtained
from TX by adding the leaf {X} to the root X of TX . Since all vertices
of TX are subsets of X, condition (3.6) and Definition 3.8 imply that
T1 is correctly defined.
The vertices of TBX of first level labeled by 0 are leaves of TBX and
those labeled by diamBXi > 0 are internal vertices.
If the first level has no internal vertices, then the tree TBX is con-
structed. Otherwise, by applying the above described procedure to
BXi with diamBXi > 0, we construct the vertices of the second level
of TBX and a rooted tree T2 obtained from T1 by adding the leaf {Xi}
to every internal vertex Xi of the first level in T1. Using (3.6), we see
that T2 is also correctly defined. Since X is finite, all vertices on some
level n will be leaves. Thus we will construct the rooted tree TBX and
a rooted tree Tn such that:
• V (Tn) = V (TX) ∪ {{B} : B ∈ BX and diamB > 0};
• Tn is obtained from TX by adding the leaf {B} to every non-
singular ball (= internal vertex) B of TX .
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To complete the proof it suffices to note that the function
f : V (Tn)→ V (TBX )
with
f(u) =
{
Bu if u is a vertex of TX (= is a ball in (X, d))
u if u /∈ V (TX)
is an isomorphism of Tn and TBX . 
Theorem 3.9 and Corollary 3.7 give us the following.
Proposition 3.10. Let T = T (r) be a finite rooted tree and let Ch(v)
denote the set of all direct successors of v for every v ∈ V (T ). Then
the following conditions are equivalent.
(i) For every u ∈ V (T ) we have
δ+(u) /∈ {1, 2}
and Ch(v) contains a leaf for every internal vertex v ∈ V (T ).
(ii) There is a finite nonempty ultrametric space (X, d) such that
TBX and T are isomorphic as rooted trees.
Example 3.11. Let (X, d) be an ultrametric space such that X =
{x1, x2, x3, x4} and
d(x1, x2) = d(x2, x3) = d(x3, x4) = d(x4, x1) = diamX
and
d(x1, x3) = d(x2, x4) < diamX.
Then δ+(u0) = 2 holds for every internal vertex u0 ∈ V (TX), and
δ+(u1) = 3 holds for every internal vertex u1 ∈ V (TBX ), and δ
+(u2) =
4 holds for every internal vertex u2 ∈ V (TBBX ) and so on . . . (see
Figure 2).
Remark 3.12. It is interesting to note that the building a tree from
another one by adding a leaf to each internal vertex also occurs in
some semantic studies (see [29]).
Let (X, d) be a finite nonempty ultrametric space. Let us define a
sequence (B
(n)
X ) of finite ultrametric spaces as follows
B
(0)
X := (X, d), B
(1)
X := (BX , dH), . . . , B
(n)
X := (BB(n−1)
X
, dH), . . . ,
i.e., for every n > 1, B
(n)
X is the ballean of B
(n−1)
X together with the
Hausdorff distance generated by distance on B
(n−1)
X .
The following proposition is a corollary of Theorem 3.3 and Theo-
rem 3.9.
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TX TBX
TBBX
TBBBX
Figure 2. Beginning with the second member, each
member of the sequence TX , TBX , TBBX , TBBBX
, . . . is
obtained from the previous one by adding a leaf to every
internal vertex of this previous.
Proposition 3.13. Let (X, d) and (Y, ρ) be finite nonempty ultramet-
ric spaces. If there is n > 0 such that (B
(n)
X , dH) and (B
(n)
Y , ρH) are
isometric, then (X, d) and (Y, ρ) are also isomeric.
Proof. It follows from Theorem 3.3 and Theorem 3.9 by induction on
n. 
The following theorem is a generalization of Theorem 3.4.
Theorem 3.14. Let T = T (r, l) be a finite labeled rooted tree with the
root r and the labeling l : V (T ) → R+ and let n > 0 be an integer
number. T is isomorphic (as a labeled rooted tree) to a representing
tree T
B
(n)
X
for some finite nonempty ultrametric space (X, d) if and only
if the following conditions hold.
(i) For every u ∈ V (T ) we have
δ+(u) /∈ {1, . . . , n+ 1}.
(ii) The inequality l(v) < l(u) holds for u, v ∈ V (T ), whenever v
is direct successor of u.
(iii) The inequality
|Ch(u) ∩ L(T )| > n
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holds for every internal vertex of T , where Ch(u) and L(T )
are the set of direct successors of u and the set of leaves of T ,
respectively.
Sketch of the proof. The theorem holds for n = 0. In this case, it is
a reformulation of Theorem 3.4. The general case can be obtained by
induction on n with the help of Lemma 2.11 and Theorem 3.9. Note
only that for every finite ultrametric space (Y, ρ) and every Z ∈ BY
we have the equalities
diamZ = sup{ρ(x, y) : x, y ∈ Z}
= diamBZ = sup{dH(B1, B2) : B1, B2 ∈ BZ}
so that condition (ii) in the present theorem is a reformulation of the
corresponding condition from Theorem 3.4. 
The next theorem gives the necessary and sufficient conditions under
which a given family of subsets of a finite set X coincides with the
family of all balls generated by ultrametric on X.
Theorem 3.15. Let X be a finite nonempty set and let F be a
nonempty set of nonempty subsets of X. Then the following statements
are equivalent.
(i) There is an ultrametric d : X × X → R+ such that F is the
ballean of (X, d),
F = BX .
(ii) The set F satisfies the conditions:
(ii1) X ∈ F and {x} ∈ F for every x ∈ X;
(ii2) If X1, X2 ∈ F and X1 ∩X2 6= ∅, then we have
X1 ⊆ X2 or X2 ⊆ X1.
Proof. (i) ⇒ (ii). The validity of this implication follows from the
definition of the balls and statement (ii) of Proposition 1.5.
(ii)⇒ (i). For every pair x, y ∈ X we write
(3.7) d(x, y) := min{|F | : x, y ∈ F ∈ F} − 1.
If x, y, z are arbitrary points of X and {x, z} ⊆ F1 ∈ F and {y, z} ⊆
F2 ∈ F , then we obtain
d(x, y) 6 max{|F1|, |F2|} − 1 = max{|F1| − 1, |F2| − 1}.
It implies the strong triangle inequality
d(x, y) 6 max{d(x, z), d(z, y)}.
The function d is symmetric, moreover, from (ii1) and (3.7) it follows
that d(x, x) = 0 holds for all x ∈ X. Thus d is an ultrametric on X.
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Let B be a closed ball in (X, d). Then there are x ∈ X and r > 0
such that B = Br(x). It is clear that
Br(x) = ∪{F ∈ F : x ∈ F and |F | 6 ⌊r⌋} ∈ F
for every x ∈ X and every r > 0, where r 7→ ⌊r⌋ is the floor function.
Consequently, the inclusion
BX ⊆ F
holds. It remains to prove the inclusion
(3.8) F ⊆ BX .
Let F belong to F and let x belong to F . We claim that
F = Br(x)
holds with r = |F |− 1. From (3.7) it follows that F ⊆ Br(x). Suppose
that Br(x) \ F 6= ∅. If x1 belongs to Br(x) \ F , then d(x, x1) 6 r
and using (3.7) again we can find F1 ∈ F such that |F1| 6 |F | and
{x, x1} ⊆ F1. Since x ∈ F ∩F1 and x1 ∈ F1 \F , condition (ii2) implies
F1 ⊇ F . Consequently, the inequality |F1| > |F |+1 holds, contrary to
|F1| 6 |F |. Inclusion (3.8) follows. 
Analyzing the above proof we obtain a constructive variant of The-
orem 3.15.
Theorem 3.16. Let X be a finite nonempty set and let F be a
nonempty set of nonempty subsets of X. If we can find an ultrametric
d : X ×X → R+ such that F is the ballean of (X, d), then the function
τ : X ×X → R+ defined as
τ(x, y) = min{|Xi| − 1: x, y ∈ Xi and Xi ∈ F},
where |Xi| is the number of elements of Xi, is also an ultrametric on
X and F is the ballean of the ultrametric space (X, τ).
Example 3.17. Let X = {x1, . . . , xn} be a finite set and let
F = {X, {x1}, . . . , {xn}}.
Then the equality F = BX holds with the constant ultrametric d,
d(xi, xj) = c, c > 0,
for all distinct xi, xj ∈ X.
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